We consider a reformulation of the Yukawa model, in which fermions interact via a mediating (massive or massless) scalar field. Covariant Green functions are used express the mediating field in terms of the fermion fields. The resulting Hamiltonian of the theory has an interaction term in which the propagator of the mediating field appears directly. We show that if processes involving emission of physical mediating field quanta can be ignored and an unconventional empty vacuum is used, then exact fewfermion eigenstates of the resulting truncated Hamiltonian can be obtained in the canonical equal-time formalism. These eigenstates lead to two-and three-body Dirac-like equations with scalar interactions. Two-fermion bound states are obtained by the numerical solution of the eigenvalue equation for J = 0 states. Comparison is made with conventional treatments of this model.
Introduction
There are few realistic models in the quantum eld theory (QFT) for which exact solutions can be written down. In this paper we obtain exact, though unorthodox, few-particle eigenstates in a modi ed form of the Yukawa model in which fermions interact via a mediating scalar eld. The model is of interest because Yukawa couplings are relevant to the quark-Higgs interaction sector of the standard model. The Yukawa model has also been used as a prototype of the FTheoretic description of internucleon interactions, and generalizations that also contain a vector, pseudoscalar, etc. boson exchange, continue to be useful in nuclear physics.
The Yukawa model with a scalar boson exchange is based on the Lagrangian (x); (1) where N is the number of fermion types. The corresponding classical equations of motion are the N Dirac equations:
(i @ ? m k ) k (x) = q k (x) k (x); (2) in which the boson eld serves as a potential, and the Klein{Gordon equation for the mediating boson eld, @ @ (x) + 2 (x) = (x); (3) in which the source density is provided by the fermion elds:
As it is well known from the electromagnetic theory 1,2], equation (3) ? k k + i ; (7) where D is known as the principal value Green function if = 0, and the Feynman propagator if > 0.
Substitution of the formal solution of the mediating-eld equation (5) into fermion equations (2) modi es the latter to the set of coupled nonlinear equations:
The reduced equations (8) are derivable from the stationary action principle
with the Lagrangian density (10) provided that the Green function is symmetric:
We shall consider the QFT based on the Lagrangian density (10) . Note that there are two interaction terms in this formulation of the Yukawa theory: a \lo-cal" interaction containing 0 , and a \nonlocal" one given by the last term of eq. (10) . The latter contains the boson propagator explicitly. Thus, in the conventional covariant perturbation theory it leads to Feynman diagrams without external (physical) boson lines. The \local" term is of the conventional form and can be used to generate Feynman diagrams that cannot be generated by the \non-local" interaction term, particularly diagrams with external boson lines. Of course, care must be taken not to double the physical e ects count.
We shall not pursue the covariant perturbation theory. Rather, we shall consider an approach that leads to exact few-fermion eigenstates in the Hamiltonian formalism of the QFT (a brief review of the Hamiltonian method in treating fewbody bound and quasi-bound states is given in 3]). In the Hamiltonian method one seeks solutions of the QFT equation P P j i = M 2 j i where P = (H; P) is a QFTheoretic 4-momentum operator, and M is the invariant mass of the system under study. However, this equation is complicated because of the appearance of quadratic Hamiltonian and momentum operators, so it is customary to do the calculation in the rest frame of the system, Pj i = 0, whereupon solutions of the equation Hj i = Mj i are sought, as they are evidently solutions of the covariant quadratic equation in this frame.
Hamiltonian in the canonical equal-time formulation and few-fermion states
For the sake of simplicity we shall consider the case of only two di erent fermion elds denoted by 1 = and 2 = , with masses and \charges" m 1 = m; q 1 = q and m 2 = M; q 2 = Q, respectively. We consider this theory in the canonical equal-time formalism. Equal-time quantization corresponds to the imposition of anticommutation rules for fermion elds, namely:
f (x; t); y (y; t)g = f (x; t); y (y; t)g = 3 (x ? y); (12) and all the others vanish. In addition, there are usual commutation rules for the 0 eld, and commutation of 0 eld operators with and eld operators. We choose to work in the Schr odinger picture where we can take t = 0 in the expressions for eld operators, that is (x) = (x; t = 0), (x) = (x; t = 0), etc. Therefore, for the symmetric (\principal value") Green function of equation (7) We de ne the unconventional (or \empty") vacuum state j0i by
This unconventional empty vacuum de nition (19) means that (x) is interpreted as a (free) Dirac-particle annihilation operator, while y (x) is, correspondingly, a Dirac-particle creation operator. By a \Dirac-particle" we mean one described by the full Dirac spinor, including positive-and negative-frequency components.
(Recall that in the conventional approach, i.e. using a Dirac \ lled negative-energy sea" vacuum, it is only the negative-frequency component of that is an antiparticle creation operator, and the positive-frequency component of y that is a particle creation operator).
Note that the normal ordering is achieved by using the anticommutation relations (12), as usual, but it is not identical to the conventional normal ordering because of the unconventional de nition of and as annihilation operators and of y ; y as creation operators.
We note that the state de ned by
where F(x) is a 4 1 c-number coe cient vector, is an eigenstate of H R , provided that F(x) satis es the equation
(21) which is a usual time-independent one-particle Dirac equation (with positive and negative energy solutions), so that F(x) is a Dirac spinor. Therefore, we refer to j1i as a one-Dirac-fermion state.
Similarly, the two-Dirac-particle state, (24) It is, therefore, equivalent to 16 ordinary, coupled, rst-order di erential equations for states of the given J P (not all of which are independent). The reduction of such Breit-like equations to a radial form has been discussed by various authors 5-8] and will not be repeated here. Such equations can at least be solved numerically.
Generalizations to systems of more than two fermions are readily obtained. where summation on repeated spinor indices is implied. In the rest frame of the three-body system the equations depend only on two independent vectors, however, the reduction of these equations for states of the given J P is more formidable than in the two-body case. Even then one is left with the full complexity of a relativistic three-body system.
Some explicit solutions for the two-body case
The 4 4 matrix equation (24) (24) is essentially the same as presented in 8], and will not be repeated here. We shall, however, recount some salient points. In the rst place equation (24) has the Schr odinger equation as a non-relativistic limit, and the Dirac equation (with a scalar coupling in this case) as a one-body limit if one of m i ! 1. If we write F(r) = s(r) t(r) u(r) v(r) ; (27) where s; t; u; v are each 2 2 matrices, then for J = 0 states, which are the only ones that we shall discuss here in some detail, they take on the form s(r) = 1 r s(r)'(r), and similarly for t; u; v, where '(r) are 2 2 spherical bi-harmonics de ned in 8]. The number of coupled radial equations is generally six for singlets and uncoupled triplet states, and eight for coupled triplet states (of the type 1 ? : Equations (28)- (31) 
Once again, these agree to O( 4 ) with the conventionally derived values 4,9]. Equations (33) and (34) were also solved numerically for the lowest J = 0 states in the equal mass case (m 1 = m 2 = m) with = 0 (the Maple Runge{ Kutta program was used for this purpose). The results for the ground state are given in table 1. It is seen that E( ) for this two-body system has a behaviour analogous to that obtained in a one-body limit, equation (45). Thus, for the ground state, the mass E of the two-fermion system starts from the perturbative value E=m = 2 ? 2 =4 + 11 4 =64 at low , and then decreases monotonically to an apparent asymptotic value of unity for large . Note, from equation (45), that this asymptotic value is zero in a one-body limit (when one of m i ! 1). Note also, that there is no critical value of beyond which E ceases to be real (as it is in the case of a vector coupling). In the latter case (vector coupling) E( ) is real only for 6 c , where for the ground state c = 2 in the equal-mass case 8] and c decreases to unity in a one-body limit (which is the well-known Dirac result, cf. equation (46)). Equations (33) and (34) also have unphysical bound-state eigenvalues of the form E = jm 1 ? m 2 j + . Such solutions are a consequence of the use of the \empty" vacuum which leads to the retention of negative-energy solutions in the formalism. This, however, is the price that has to be paid in order to obtain exact eigenstates. Such \unphysical" solutions will arise in any two-body equation that has the Dirac one-body limit (or the Klein{Gordon one-body limit in the case of spinless particles 11]).
Concluding remarks
We have shown that exact few-fermion eigenstates of the QFTheoretic Hamiltonian can be obtained for a reformulated Yukawa model. These eigenstates correspond fo few-fermion systems without decay or annihilation into physical quanta of the mediating scalar boson eld. An unconventional empty vacuum state (in contrast to the Dirac lled-negative-energy-sea vacuum) is used, which results in few-body equations with positive and negative energy solutions. The resulting two-and three-fermion equations are written out explicitly. The two-body equation has the relative-motion Schr odinger equation as a non-relativistic (weak coupling) limit and the Dirac equation as a one-body limit (in which the mass of one of the constituent fermions becomes in nite). Positive-energy solutions of the two-body equations are obtained for the lowest J = 0 states in the case of a massless boson exchange for any strength of the coupling. The two-body bound-state mass, E( ) is found to decrease monotonically from the non-relativistic Schr odinger result to a constant asymptotic value at a strong coupling (high ). Analytical results for E( ) are obtained to O( 4 ) for the J = 0 states under study. These perturbative results are found to agree to the order 4 with the results obtained previously by the conventional approach which uses a Dirac vacuum.
фізичних квантів поля-носія, то з використанням нестандартного означення вакуумного стану можна отримати у рамках канонічного одночасового формалізму точні власні стани результуючого гаміль-тоніяну для декількох ферміонів. Ці власні стани приводять до дво-та тричастинкових рівнянь Діракового типу із скалярними взаємодія-ми. Числовим розв'язуванням рівняння на власні значення отрима-но двоферміонні зв'язані стани для J = 0 . Проведено порівняння із стандартним розглядом цієї моделі.
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